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Find Al and 1A, where [ denotes the identity matrix
Tagge Slighan T 5 A oSS S 1Y LA 5 AL 0a 3 oy 0 Sy
o 2 X 2 dd e A O Lagg sl sl uét Lsquare matrices
2 % 2 Lgans 055 o g identity matrix Aya) ABLE D B g ad

FEIR
0
I=
0 1
- _
Al ¢ d 1 0 e(1)+d0) (0 +d(1)
- a b 0 1 |7 a®)+b0) a0 +bD)
~ c d
- a b =A

:Similarly s 58 (i

10 ¢ d ¢ d _
oot a b [T a b |
| —

Al=TA= A 1l

i ghas 8 dimn gl Qe e A JBd) 138 g el gl
Ul gt gena (IS L bl B jhuadl o s Ciny ¥ Tal
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o W e 1 a8 o b ot identity matrix AW A giaatl o a FV
48 gliaal) dgaws 0l g 1345 real numbers Adgis r«\éj ) A gh e L';i
Ugims A CalS 1Y Sy . alaalll (e paa (Y s identity  matrix degalaY)
Agha LU AL 5085 o (S fla,.a.eh’l (0 pa L_gy Square Matrix ag ye
Al=IA=A gases § oul gl Qs

H{AA = A%) lgudi & Square matrix das 4 Agaall u J-lé 6&;’
Leud & square matrix A ag el 48 shcmal) o pin prend poldios A '
AA =AY el Aot 058 Ggmas on X 0 Lgapa il
th Lo Uiy (5 31 8 g Vgt B Lgy o IS

AAA=A]
PO PRSP I L - N PSR S V- LSS
.aal 3 The power (5 8 M5 (3 5 e JS8 48 ghoaaall
:Rules for matrices cilaganl! ‘,Lcungz;\,
- BYREARTUPS RUSULTRP T P ORIRLENU I (o o e
1 AV il shaally dualad) AN 5 A ol gia saléuadl (S

A + B=B+A (Commutative law for addition)
DA+B+Cy=(A+B)+C (Associative law for addition)
3)A(BC)=(AB)C (Associative law for multiplication)
HAB+C)=AB+AC (Left distributive law)
5)(B+C)A=BA+CA (Right distributive Law)

6AB-C)=AB-AC
TB-C)A=BA-CA
8)a(B+C)=aB+aC
NaB-C)=aB~aC
10)(a+b)C=aC+bC
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I ID(a-b)C=al-bC
12) a (bC) = abC
13)a(BC)=(uB) C =B (aC)
HYA+0=0+A=A
15)A-A=0
16)0-A=-A

M AlG=0 , 0A=0

1) Al=A , TA=A

:Determinants sl 6-8°
5885 i shmal) Bk 3 B Regall pahodd e claradl g
1ol WS g i square matrix Ay el Cld sheaal) cilaas )

An important attribute in studying matrix algebra is the concept of
determinant for a square matrix.

g0 o ofa J AL b A dama Jhe it cplaty Soaaall Y S
N a5 phamal ony L 5 et (A) Byl gm0 U5 6 ié

A A ghad
+ -
a an
A=
a  axn

JelS O s o oSay o det (A) o A] 3 shonall o3¢l 3asnall Sa s

a, a,| 2
.2 saorder Lgna g o | T s
1 Gn
it LS A gl o3¢} saasall Moyl (Sagy o

det (A) = ay) a;— 21 4




Yy wen

Jorlsn 3682 % 2 el ) 3 ginmall sa0mal S ay Aale b5 ays
i Jeala dia Ls;)lu main diagonal (g bl salie Gayun
1 Jhall (e JaadS LS cross-diagonal (g 50 kil jualic

B oy A AN i eaall Glossall 34l
Find the determinants for the matrices A and B, where

det (A)=1%X4-2%X3=-2

det (B)=5X2~(-1x6)=10+6=16
Ol .3 % 3 Lgia 0 square matrix el st add ¢S 1Y L
OV  pandl Asla) g (3l ok aal g L (5 By iy gd boa sl s
e S5 sl ) eabic o peias T i pag hshemall Y (i
G Juala Lagha 7 jhaig lgrandy ong A (5 a1 oy Ll 5 Lale
LS hd ol s AY 4080 Y cross-diagonal s kel s jie

] Jeal o
an ap a3
A= agt A a3
a3y an a3
&) ) O]
'S AU Y. . Y
au an a3 ay an
" > U i
det (A) = ag a2 a3 a1 an
oy &7, W A S
31 a3 as3 a3 a3
&7 &7 &7 Sa Ta ™
] 2 &
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det (A) = (an) X azp X azg + 212 X a3 X 3y + a2 Xz % ag)

- (g X agy Xagy +ayy Xagy X aag +agy ¥ a2 X an)

T NEXE PO, LT ROV O |
Find the following determinants:

0 2 2 -1 0
A=| 3 4 5 B=| 3 4 5
5 6 7 2 0 6

v
0
det (A) = 4 (1) 40 (2)30 (3)0
6
'

A ¢
s @ Q)
~SA A T T Y
2,0 gt
det (B) = 3/,435:‘5 3¢
/_'2/70 /76'\‘ -2\‘ O\A
m @ @
48 10 0

det (B)=(48+10+0)-(0+0-18)=76




S Yy

]

;Transpose of a matrix 42 gauacll aludl 69%\

owidgsaacl A Bsheadl i a5 pa A Mg aall Ayl
Al A J AT 3ol A G ghead Bad Sa sy chgina ) Wia el

(e
Ajj=> ATji and is obtained by interchanging the rows and columns
of A,
A Cld ghemall Al 2 f
Find the transpose for:
Ay 4 a4
A= 118 AT = 1 81
ay oap |0 47 an
—
5 <1 0 5 2 6
By= 23 4 , BY= 10307
6.7 -0 0 4 -10

o 5aee¥ oad saasl Y Casieall iag e Al ey of oA,

DEAH =A
2) (A+B) =AT+BT
3) (AB)T =BT AT

Symmetric  ABldall A8 doadll Gy ey Uarall Cay il gty

CBA=AT S n % 0 dad e A day el Qiadl o S 1Y

:Properties for transpose s 4 shaall Ays pailas ?Ai DA Cigina

1 Ol matris

AlLia 48 ghams e A 3 ghoaal)
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Let A be a square matrix of order n X n. Then, if A = AT, A ls
called a symmetric matrix.

21 . 21
for example A = , and since A" = then A is a
13 13
symmetric matrix.
AAT lam X n Asod (e A Adghias JC of Ls sl @S,
LABLdte il ghne Lot ATA ol
If A is any matrix of order m % n. Then, AAT is a symmetric
matrix, and so is ATA.

2l g gy ) sl

24
LetA= Find AAT and ATA

01
22
Ll g 0 Sy
13
2 4 12072
A= and AT =

01 3412,
2 24><2




s 10 14 3 8
AT 2 4 1202 | | 1420401
0 1 3412 3 4 1 2
22 8 12 2 8
ABlLaia 48 ghuan i gt ol Bl
N 13
1 0 24 | | 9 15
R 01 |7 15 30 -
2 2

Bl Tghean g gl (fd SIS,

oo 08T Bake 5 By A8k Al dassad of (11) Qe s iy
LBl b a6 of Y AbLaie il Gl giad) ygadd ciindal

:Inverse of a matrix dsgaiall yugSias 6-10&/

A ghna Ao GENL S50 Aol e dry e i me A S 1Y
of e Ja AB = BA =1, of uns Gl (it e B (835 105 AT Bag g
isSaal jajis A Usbiaall GuSaa B ey odlSaDU ALE A Ad i adl
A Salsile A 4 giadl
If A is a square matrix of order n. And if we can find a square
matrix of order n, say B, such that AB = BA = I, then we say that A is
invertable and B is the inverse of A. The inverse of a matrix A is denoted

by A"
HATI VS WRPVE -, TP
Lyl il pimall Taih o gSall i yug (1

Inverse matrices are defined for square matrices only.
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A bl ogSoe Liad 4 B (f8 B Asiadl s A SN (2 \
If A is the inverse of B then B is the inverse of A,
o A A o iy K o San A Fd ghmall ISV (3
If A has an inverse then we say that A is invertable.
o dad g s Sae clligh ugSae A A heaall 1Y (4
If A has an inverse then it is unique.
- plSa ) Al g Aay pall il emall e aad (5
Not all square matrices are invertable.
a5k elhie) odel ClBadld y patladd o i Lo (mSays
ol e gl Bl Y EITZ\.-\:\:.A:\EM S

Uraals, @385 AB copuall Goalan Sl Lo J5boah 1 lo 2 4ol
B LosSee b A Mtie I A sieadl ) §jlus LaadS ¢S ¢ s BA ooyl
A rfas 4 B X,

2-5([35| [10

212

12][-13 01

2%2

B isSne b A QB AIS5 A (usSas 4 B ol Gl
silad oSay AT el Al e oils oA Ray s Bghadl uySae
foh U LS i 5 okl eda pal aafy 5 e samy




ot ﬁdj(A)

Wb 3o i 5 cAdjuine matrix 288 el 3 iadly (e b Land Jisdy
o det(A) & Jay 53y cdeterminant A guad) s o adi(A) el
) jiam 23l (5 (11 e B gl n gy Y 31 cnus A
JAIEO S8 1Y 3pme A of lld iy

adj(a) Ul Gl i o3 o5 AT 3 det(A) ff osSaall da s Uag
AV Sl Ao B Jsaall S U ghadl 03 a5 Lide qand

Hlab 8 e a3 2% 2 Ap (e A A shuad adj(A) e

Tkt et s g pual) Ayl st (1

a, 4a; Ay — Oy

A= adj(A) =
) Gy —a, a,

Sl pualin o8 pe i e adiad Gkl o3 of dlld oy ey

«Cross diagonal (5 5l bl jalie ol L4 sy main diagonal (st N
ouih 2%2 dapall pe A8 phondd Lo 38N 3 o U Ladlyg

A0 cld ghmall g pSaa sl

Find the inverse matrices for:

4y

a) A=
Gy Oy

1Y ndj(A) Aad s Aegpodl A8yl dladily JBall 138 Jay pstia

adi(4) = G ~ 0y

Tdy 4y
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1lyali det(A) e W
det(A)=ay; ap — ag2 8y

10588 oalad e AT usSaall ol iy

B adi(A) _ 1 tyy —
det(A Ly, —
et(A)  [aya, - a,ay,] ~ay a,
43
b) B=
10 8
Uil a3 i) Ayl Ay plal astal s
8 -3
adj(B) =
~10 4

det(B)={4)(8)-(3)(10)=32-30=2
4 B ol iy

gL adiB) 1| 8 =3]_| 4-3/2

€ 21 10 4] |-5 2

sy LaS Al gladl) 43yl phadid (2

A= a; G

Gy Ay
S = adj(A) adj(A)=|:(i+ o AT

det(A) Y
A= ™ =+ay,

2 G
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Cigd 03 8 S Wl oy ) (i) g gane L10S) Aimge 3 LY 095G

Al g LSy Al o5

A =0y

adj(A) =

Ty

L Gy

At= S S
Oy~ Gy

det (A) = ay 8z - 8 212

-a, q

Ay = (-2 Sl ) S
Ay
Ay = (_1)2+l ‘1” r =—d,
'|2| bys
a4, 4
Ay = (-n*? " =tay,
TR
r T
adi(A) = tay —ay
Lo Gy

g LaS 5 A yall 3 homad ()53 A ghamal) () sl g i (V1

Gn ~ay

(3]
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Find the inverse matrices for:

4 3
a)B =
10 8
Ll Ly Fing poall Ry sl oLk 4 gl 038 pa gSina o 5 il
L) (13) e Al
23y b gty s 5 e R giecadl odn (o e dlady p it oY1 L
2k LS 5 sl
4 3 !

B= B":d 7
o s B

[adj(B)]

det (B) =@ 8)-(10)(3)=2
adj(B) = ((i+j)" Bij)"

B =" =+8
10 8
ol

B, = (-1 =-10
10

3

By, = (‘Dw k =-3
J[U &
4

B, = (=™ =+4




o8 gl

,
g -0 8 -3
adj(B) = =
~3 4 ~10 4
8
8 -3 2

:3
gl NEN
lioae) | 2204
2 2
g 22
B = 2
-5 2
2 10
1
he=! =103 Cl = ——eadi(C
) aeey 4@
0 22

det(C)=(0+0+0)-(0+12-2)=-10
adj (C) = [(-1Y" ¢y

, |03
Gy =1y = H~6) =6

22

—
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Cy =(-1

Cy = (1)

Cy= (_1)3

Cn=(- n

Cp = (-1’

Cy = -

Cy = -

Cy= (_1)6

adj(C) =

-13
=—(=2)=2
02
=+H-2)=~2
02
10
=-2=-2
22
20
=44 =4
02
21
=—4=-4
02
10
=+3=3
03
20
=—6=-6
-13
21
=4(+1)=1
-10
T
-6 2 -2 -6 -2 3
9 4 -4 | = 2 4 -6
3-6 1 -2 -4 1




A8 gheanall ﬂ 1
-6 -2 3
ct=t | 2 4-6
-10
-2 -4 1
234
1
c) D= 31 D= iD
© 4 ey
124
12 4 48
2 3 4 2 3
dex(D) = 4 3 1 4 3
1 1 2

/7/72/4\ ~A A
n @ @ w4 3 32

det (D) =24 +3+32)~(12+4 +48)=-5
adj(D) = [(-1)™ Dy

31 41

D, = (=1? =+10 D, = -1y =-15
24 14
43 34

Dy = (-1 =-5 D, =(-1y =4
12 2 4
2 4 2

Dy, = (~1* =+4 Dy =(=1)° 3 ==
14 12
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34 24
D, = (-1 =9 Dy = (-1 =+14
31 41
o 2 3 -
Dy, = (-1 =—(~6) =+6
43
;
10 -15 -5 10 -4 -9
adj(D)=| -4 4 -1 | =| -154 14
-914 6 -5-1 6
10 -4 -9
a1
At=—— | -15 4 14
-5
-5-1 6
-3 2 i
9 -4 U(E)

det (B) = (-3) (-6) - (9) (2)=+18-18=0
4 ghuaall o3¢l Baaaall ) S1 Sy B A8 sl G pSaall dlag) oSy ¥
.P‘;J\.uﬁ

123

1 2 GF)

eyF=| 446 =
det(F)




T alaaiaal
) 36 12 24
o2 3y 12
_ ~a, L KTy
def (F) = :/V:><I§>i'3\2
e . A 4 ~Na A
m @ @ 2 % u

det(F)= (12436 +12)- (36 + 12 +24)y =0
a5 5t gistan K0 B ghonal 3g) o gSadll dad Sy Y

GasSon Galliad ool e o G BLIYE e 0 Y i 1 Al
t sh A yiiadll
H@AY' =A
2) (AB)' =BA"
il gieaalf phaks 4 skl ayaml}j;“ﬁfii“\v
Solving system of linear egunations using matrices
T POV AN NP T PR LN F I TN
Lhal e oo Lk Jipat e Canall g b ghuaad ooy 4ydasl
IS gl 3y U S8 o Y e i adal Qe S8 (50
Linear simultaneous equations &gaidl < aleall o m Ll o (o i
el ol Sl unknowns Julssll of variables il juid (e Ll
1 s¥\S System. of linear equations Auhaall iy sbaalt
apX: + 82X+ .. &n¥n = by
anXi +apXz + ... AyXa=ba

EmiX) + AmaXa + ... BmnXn = by

:can be written in the form 4llall dauall 46S (Sadl e @

5
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of s
ay Oy . 4y, & b
Ay Ay e U X b,
21 9 2 x )
A= , X= , and b=
Dy Loz v Dy i RO b,

mxl

coefficient matrix CMleaol 48 ghoas Lol A G gheasll of s Jaadys
ul f0 Aghias euid b L variable matrix o el 4 heas o X,
.constant matrix

llin o g0 (Jilaal) @ piial 3aa) sl n bl e S 13,
i ghaadl alaiiuly Y sl b @b ey ealay) (S g2 ceUAA_Jl don
ol i yla aall 13 8 5l b g
If # (equations) = # (variables) then the system has a solution that

can be found using many methods to solve the system of equations using
matrices, and we will consider just two of them.

o b i 5 R gl (o S 5l oty ¥ alad (1
Aadal 6-11-1 s_jadl

55 8 L g 5 el S Rk pladt by el adll Jos 2
Al 6~11-2

A gl (nsan Ao plakluly i sleal g 6-11-1
Solving system of linear equations using the inverse
0y N olaad an e Sl Alatl e aadll Ll AX = b oS 1Y
thp g da Al 03 AL 0 of Gy el gl

X=A"b




§ ol iandl A h.

If AX = b is a system of linear equations for n equations and n
variables, such that [A] # 0. Then, there is a unique solution for this
system, which is:

X=A"b

48 ghecall ugSxa Al s laatudy DA ol s
Solve the following systems of equations using the inverse method:
)2X +8Y=-4
X+3Y=5

F IS AX = b SN il piall 5y oMed L S Y e
28 || x| | -4
13 |1y 5
det (A)=(2)3) - (1) (8y=-2
.
~1 -
adi(A) = - 28
-8 2 | -1 2
A=l adj(A)
dew(d) "
[ -3
ate L 3-8, 74
200 2 L
L 2
-3
==y
X=ATb= 21 %
2 - 5 -7
2

F=-Tex=26 hh iy,




T R S S SaE by

b) 2X +4X; + X3 = 77
4%, + 3Ky + TXy = 114

2X1+Xg+3X3=48
faal AX = b JSa LY Al (et

241 || 77
437 || x |=| 114
213 || x 48
iohd Ml
241
A=| 437
213

1/5 ~11/10 5/2
Al=| 15 2/5 -1
~-1/5 3/5 -1
101-5“»‘)
X=A"D
1/5 -11/10 5/2 77 10
= 15 2/5 -1 14 |=| 13

-1/5  3/5 -1 48 5




TGl

=S daram 13 cx =101 g Ly

sl 8 AGy gk iy bl g 6-11-2
Solving system of linear equations using Cramer’s Rule:
Ny E¥slaall ga 11 a8l Aghaal) N slaall Lkt AX = b S 13
}AMAJJ:(LL-\HJAIA#OU Cuay o el e

=—d£t—(ﬂ i=1,2,3,...,n

det(4)
i ageall ualic Jaf (e a0l 4 ghoall 5a3ma o det(A) of Syea
b gl sl A Al gheaall

If AX = b is a system of linear equations of n equations and n
variables, such that JA| # 0. Then, the system has a unique solution,
which is:

- Gexl R A)
dct(A)

where det(A;)) is the determinant of a matrix obtained by
interchanging column i by the column b.

ilelae 4 ghiaal clidaa sl ks Cramer’s el S &4 yhay (Joall
o Y sl 0 alg o) el aae ol laae i)
ke S saamad gAY Chassall W lgagen sl cdldas o aci a3
o sbeall Sl puatall 1S CBelas Jasialy 5

N RCH W PP SV i @ﬂ\ il Aad (o8 Ala g
I\L)meua,;”.;d‘);llun Lulﬁ‘_)ka&det(A)ng g an
(a dgdsa i S qumym@muumn@u;_ulsu} L e S
RN

ot Ll o3 (g Tlaall b gheadl ay o g A8yl s3h pmau i
Sl e3 el S Ay yley B (15) U
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1 el S ARl Jasaiudy 4 Yol s
Solve the following systems of equations using Cramer’s Rule:
A}3X-Y=2

X+Y=5
Wl AX =b JSal ) sl dgadg
3 -1 x| |2
11 y 5
. 3 -1 .
VS A= o G cdet(A) dlag 5o s N1 5kl
11

det (A)=3) (- (-1)=4
OsSTelldy se 8 8 e dlattiuly eVl odgd da 3y i B
Ot s (g sboy ¥ gmaen il Dl (1o deing (53 uagi ) 21
Sty iy aane ita JS1 gAY caaadl Aoy paitailiag.d gl wa
b LSy ol e il ol calen
det(4) = -t p L PEPREL:

5 1
det (A)=@D (-G -D=7

det(ay=| > . Y Db it
15
det(A)=(3) (5 -V 2=13

ot LS (b S B a5l o sy




o i)
T det(A)
by - X2+ 0X3=3
2X - Ky +2Xz=-2
3X1 + Xz +0X3=3

<
=
w

2-12]| %, |= -2
310 || x, 3
110

det(A)=| 2 -12| =4

310
[ 3 10
det(Ay=| -2 -12| =4
310
130
det(A)=| 2 ~2 2| =12
3 390

4l Baaaall




